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Abstract— This article investigates the properties, from a
nonlinear control system standpoint, of atomic force microscope (AFM) systems, whenever operated in contact mode
and controlled in the vertical direction by proportional-integral
control law. By modeling the AFM as a system in which a
piezo-electric actuator and a cantilever mutually interact in
order to produce the sample topography, ensuing distortions
affecting the quality of the yielded topography measurement
are naturally cast and analyzed. The proposed investigation
considers distortions due to the inception of hysteresis and
vibrational dynamics within the piezo-actuator or provoked by
system saturation. Both hysteresis and saturation are inherently
nonlinear phenomena and are modeled as such. In spite of the
inherently nonlinear nature of the AFM dynamics, investigations
of the contact mode case from a nonlinear standpoint are lacking
within the AFM literature. As the topography yielded by the
AFM completely relies on its control algorithm, to the point that
the measurement itself corresponds to the control action v(t),
it becomes of paramount importance to understand how v(t)
relates to the actual topography, and how such a relationship
is affected by the aforementioned distortions. This article hence
intends to contribute to the AFM literature, by providing a study
in which the very meaning of the image measurement yielded
by the AFM is investigated, in the light of distortions due to
nonlinear phenomena. The AFM is considered to be operated in
contact mode with a PI algorithm. Furthermore, as a byproduct
of the derived nonlinear stability analysis, a novel, model-based
algorithm for tuning the PI control gains is provided. Finally,
experimental results are presented and analyzed in view of the
derived theory.
Index Terms— Atomic force microscope (AFM) control, nonlinear control, normal form, singular-perturbation form, small-gain
arguments, Tikhonov’s theorem, zero dynamics.

I. I NTRODUCTION

T

HE atomic force microscope (AFM) is a powerful device
capable of yielding sample-surface measurements with
nanometer resolution [1], [2].
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Fig. 1.

Vertical control loop of an AFM operating in contact mode.

A typical AFM setup, see Fig. 1, is composed of a sharp
tip mounted on one extremity of a cantilever, which, in turn,
is attached to a piezoelectric actuator, referred to as the
z-piezo. By receiving and processing the reflection of a laser
beam, a position-sensitive photodetector (PSPD) is employed
to detect and yield the deflection of the cantilever which is
used for feedback purposes. The cantilever deflection is the
result of the interatomic force interplay between the sample
and the cantilever in the form of attracting van der Waals
forces or repulsive Pauli forces, which are inherently nonlinear
phenomena [2, p. 910].
AFMs are usually operated in one of two distinct modes:
contact mode (static mode) or oscillating mode (dynamic
mode) [1, ch. 3]. In this article, the AFM is investigated
while operating in contact mode. In this mode, the information
about the sample topography is acquired while the cantilever’s
tip is in contact with the sample. As the sample is scanned,
interatomic force interactions produce a mismatch between
the actual cantilever’s deflection and a reference one. Such
mismatch is used within a feedback loop in order to regulate
the cantilever’s deflection toward a reference constant value.
The topography of the sample is then provided in the form
of the time history of the control effort itself employed to
pursue the regulation task.
The main task of this article is to analyze this very measurement mechanism, that is, to investigate the extent to which
the time history of the control effort is capable of providing
a reliable representation of the actual sample topography. The
analysis is pursued for AFMs, whenever operated in contact
mode and controlled in the vertical direction by a PI control law. The PI algorithm, usually embedded in commercial
AFMs, is one of the most common imaging configurations.
By modeling the AFM as a nonlinear system in which a
piezo-electric actuator and a cantilever mutually interact to
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produce the sample-topography, ensuing distortions hampering the quality of the yielded topography-measurement, are
naturally cast and analyzed. This investigation considers distortions due to hysteresis and vibrational dynamics induced by
the piezo-actuator, as well system saturation. Both hysteresis
and saturation are inherently nonlinear phenomena and are
modeled as such. Indeed, in spite of the inherently nonlinear
nature of the AFM dynamics, investigations of the contact
mode case from a nonlinear standpoint have remained so far
elusive. In particular, to the authors’ knowledge, no study has
investigated the effects provoked by such distortions on the
very meaning of the yielded measurement-output displayed
on the screen: what is indeed the meaning of the measurement displayed on the screen? This article hence intends to
contribute to the AFM literature by filling these gaps.
By employing nonlinear arguments originating within the
framework of the small-gain theorem [3, p. 36], and by exploiting system representations such as the normal form [4, ch. 4]
and the singular-perturbation form [5, ch. 11], operational
regions within which the saturation limits are not exceeded,
are characterized in terms of invariant Lyapunov level-sets.
By then exploiting the derived stability results, and aided
by an application of Tikhonov’s theorem for infinite-time
intervals [5, p. 439], the relationship between the time history
of the control effort v(t) and the cantilever-sample interaction
force is provided, thereby highlighting the alterations caused
by the aforementioned system’s distortions on the yielded
topography v(t). In so doing, by dissecting and analyzing the
actual nature (i.e., its meaning) of the yielded measurement
v(t), this work exposes the inherent limitations attached to
representing the actual image-topography by using v(t). This
result, and the concurrent nonlinear analysis carried out to
produce it, are both novelties and considered by the authors
as original contributions.
Furthermore, as a byproduct of the derived stability analysis,
a novel, model-based algorithm for tuning the PI control gains
is proposed, which provides a complementary contribution
to the article. Finally, experimental results are presented and
analyzed in light of the derived results.
The article is organized as follows: in Section II, a mathematical model of the AFM system is presented, along
with a formal definition of the problem under consideration.
Section III focuses on the PI-controlled cantilever dynamics,
Section IV revolves around the analysis of the piezo-actuator
vibrational dynamics, whereas in Section V the properties
of the entire closed-loop system are investigated. By then
building on the derived results, Section VI —which is central
within this work—analyzes the very “meaning” of the yielded
topography measurement in the light of the alterations on
the measurement output produced by the abovementioned
system’s distortions. Finally, in Section VII, experimental
results are provided and discussed, followed by concluding
remarks in Section VIII.
II. AFM-M ODELING AND P ROBLEM D EFINITION
In this section, a formal description of the dynamics governing the behavior of the AFM system, when operated in contact
mode and controlled by a PI control law, will be provided.

To this end, the AFM system is modeled as an architecture
whereby a piezo-electric actuator and a cantilever interact in
real-time in order to form and yield the sample topography.
Within this architectural framework, the effect due to a potential system saturation on the commanded control signal v(t)
is described by the following input–output relationship:
v̄(t) = σ (v(t))

(1)

where the operator σ (·) models the alteration on the desired
control input caused by a possible system saturation. The operator σ (s) is modeled as a uniformly bounded differentiable
real function (with a uniformly bounded derivative) of a real
argument σ (s), which equals the identity operator id(·) for
|s| ≤  (where  > 0 represents the system’s saturation
limit), and deteriorates nonlinearly (possibly “fast,” but yet in
a differentiable fashion) for |s| > , and which converges to
finite values for s → −∞ and s → ∞. An example of such
function is given by


⎧
1
⎨
⎨
for s > 
(s − ) ,
 + β arctg
⎨
⎨
β
⎨
σ (s) = s,

 for |s| ≤ 
⎨
⎨
1
⎨
⎨
⎩ − + β arctg
(s + ) , for s < −
β
where β > 0 is a parameter to be chosen according to the
modeling needs.
Remark 2.1: From the physics of the piezoelectric actuators, it is known [1, p. 15] that there exists a maximum voltage
the piezoelectric ceramics are capable to withstand before
undergoing depolarization. With this being the case, while
operating the AFM for carrying out experiments, it is fundamental to explicitly enforce a bound—or a “saturation”—
onto the allowable range of voltages reaching the piezoelectric
actuator. Such bound may be enforced by limiting on purpose
the allowable output voltages produced by the amplifier connected to the input of the piezoelectric actuator, or by setting
those limits directly within the AFM control software, or,
if the experiments are carried out by using a real-time platform
like dSpace, by placing an explicit saturation operator limiting
the output of the designed control action, at Simulink level.
Nonetheless, a form of system saturation must be necessarily
imposed to protect the piezoelectric actuator.
The voltage-control signal, from the output of (1) then
reaches the input of the piezoelectric actuator, which in turn
exerts a distortion on v̄(t), whose effect is modeled here,
as in [6], by means of a hysteresis operator followed by vibrational dynamics. The exerted distortion due to hysteresis is
modeled as the action of an operator q(·) on v̄(t) whose effect
is described by the following ordinary differential equation:


q̇(t) = ᾱ v̄˙ (t)(ā v̄(t) − q(t)) + b̄v̄˙ (t)
(2)
that is, by the Duhem model (see [7]), where ᾱ > 0 and
ā > 0 in (2), and whose solution, by following [8], [9], can
be expressed in explicit form as:
q(t) = ᾱσ (v(t)) + h(v̄(t))

(3)

where h(·) is a uniformly bounded operator. By then setting
u(t) = q(t), inspired by the work in [10], the piezo-electric
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Fig. 2. Block diagram of the vertical AFM model and feedback loop. Brown symbols designate nonlinear effects. Linear systems are shown together with
the symbols used to represent their parameterization.

actuator’s vibrational dynamics is modeled by a singularly
perturbed linear system of the form

ż =

 ẋ c = Ac x c + Bc u(t)
yc = C c x c

(4)

with Ac Hurwitz and  > 0. Following [2, pp. 916–917],
the AFM cantilever is modeled as a lumped-parameters
dynamical system of the form
ẋ 1 = x 2
ẋ 2 =

−ω02 (x 1

ω0
1
(x 2 − ẏc ) + F(·)
− yc ) −
Q
m

(5)

where x 1 represents the cantilever position, ω0 denotes the
cantilever resonance frequency, Q = (mω0 /d̄) the quality
factor, d̄ the damping coefficient, m the mass, whereas F(·)
describes the cantilever-sample interaction force. A block
diagram summarizing the AFM architecture proposed in this
article—along with the feedback loop—is displayed in Fig. 2.
The AFM-control task entails steering the cantilever position to a constant, desired value, henceforth denoted by
x d . In conformity with this task, a preliminary change of
coordinates is carried out by defining a set of regulation-error
coordinates as e1 = x 1 − x d , e2 = x 2 , and by then rewriting
the cantilever dynamics (5) in the newly defined coordinates,
as
ė1 = e2
ė2 = −k(e1 − yc )−d(e2 − ẏc )−kx d +

1
F(·)
m

(6)

where k = ω02 and d = (ω0 /Q) have been defined with the
purpose of easing the notation.
Since the right-hand side of (6) displays the derivative ẏc ,
it is convenient to perform an additional change of coordinates
in order to remove it. The new coordinate framework (e1 , z)T
is thus defined by keeping e1 unaltered, and by setting
e2 = α1 z + α2 e1 + α3 yc

(7)

where αi i = 1, . . . , 3 are constants to be determined.
By virtue of (7), the cantilever dynamics in (6) can be given
the following formal expression:
1
(ė2 − α2 ė1 − α3 ẏc )
α1
ė1 = α1 z + α2 e1 + α3 yc

from which, by using (6), it follows that:

ż =

1
(−ke1 + kyc − d(α1 z + α2 e1 + α3 yc )
α1
1
+ d ẏc −kx d + F(·) − α2 α1 z − α22 e1
m
− α2 α3 yc − α3 ẏc )

ė1 = α1 z + α2 e1 + α3 yc .

(9)

The constants αi , i = 1, . . . , 3 are now to be selected with
the aim of removing both yc and ẏc from the right-hand side
of the first equation in (9). This is readily accomplished by
choosing αi , i = 1, . . . , 3, such that the following holds:
d ẏc − α3 ẏc = 0
kyc −dα3 yc − α2 α3 yc = 0.

(10)

Equation (10) are fulfilled if and only if α2 = (k − d 2 /d)
and α3 = d; moreover, for the change of coordinates in (7) to
be well defined, it is necessary that α1 be different from zero.
Hence, the following conditions must be enforced in (9):
α1 = 0
k − d2
d
α3 = d.

α2 =

(11)

By choosing for convenience α1 > 0, by defining a =
(k/d) > 0, b = −(1/α1 )(k+d((k−d 2/d))+((k−d 2 /d))2 ) and
d1 (·) = (1/α1 )(−kx d +(1/m)F(·)), by virtue of the conditions
in (11), after some algebra, system (9) can be rewritten in
normal form as
ż = −az + be1 + d1 (·)
ė1 = α1 z +

k − d2
e1 + d yc
d

(12)

with a > 0, and where the disturbance d1 (·) is uniformly
bounded by construction, since the force F(·) is a uniformly
bounded quantity (see [11]–[16]). By then choosing the following PI dynamical control law
ė0 = e1

(8)

v(t) = −ki e0 − k p e1

(13)
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with ki > 0, k p > 0, from (1)–(4), (12), (13), the closed-loop
system to be analyzed can be given the following form:
 ẋ c = Ac x c + Bc u(t)
ż = −az + be1 + d1 (·)
ė0 = e1

k − d2
e1 + dCc x c
d
u(t) = ᾱσ (−ki e0 − k p e1 ) + h(·)
ė1 = α1 z +

(14)

where (2) has not been explicitly included in (14) since q(t)
in (2) allows for an explicit representation from (3), and where,
by construction, u(t) = q(t) in (14).
By subsequently defining a backstepping-based change of
coordinates [17] as
ẽ1 = e1 + αe0

(15)

III. PI-C ONTROLLED C ANTILEVER DYNAMICS

system (14) can be written as
 ẋ c = Ac x c + Bc u(t)
ż = −az + b ẽ1 −bαe0 + d1 (·)
ė0 = −αe0 + ẽ1
k − d2
k − d2
ẽ1 − α
e0 + dCc x c
ẽ˙1 = α1 z +
d
d
− α 2 e0 + α ẽ1
u(t) = ᾱσ (−(ki − αk p )e0 − k p ẽ1 ) + h(·).

(16)

Finally, the following well-defined (since Ac is Hurwitz)
change of coordinates is pursued:
x̃ c = x c + A−1
c Bc u

(17)

by virtue of which, system (16) can be further rewritten as

By then defining



ḡ(·) = max (ki − k p α), k p

S̄σ = (e0 , ẽ1 ) ∈ R2 : ḡ(·)(|e0 | + |ẽ1 |) ≤ 

(22)

(23)

by construction, must necessarily fulfill
S̄σ ⊆ Sσ .
(18)

where, by using (2) and (18), the derivative of the control
action u̇(t) in (18) is seen to satisfy



 ∂σ (ē)
∂σ (ē)
f (·)(a − ᾱ)σ (·) + b
f (·)
(19)
u̇ = ᾱ 
∂ ē
∂ ē
with ē = −(ki − αk p )e0 − k p ẽ1 , and f (·) defined as


k − d2
+ ki − αk p ẽ1
f (·) = − k p
d


k − d2
+ k i α + α 2 k p e0
+ k pα
d
− k p α1 z − k p dCc x̃ c + k p dCc A−1
c Bc u(t).

The aim of this section is to focus on the PI-controlled
cantilever dynamics within (18), and to analyze its behavior
in relation to the time-evolution of the interatomic force
interaction, of the piezo-actuator vibrational dynamics (in x̃ c
coordinates) and the hysteresis perturbation, by regarding such
quantities as exogenous disturbances.
In view of this task, by then considering the saturation limit
 previously defined, the set of the states e0 (t) and ẽ1 (t) not
exceeding the limit , under the control action in (13), can
be denoted by


(21)
Sσ = (e0 , ẽ1 ) ∈ R2 : −(ki − k p α)e0 − k p ẽ1  ≤  .

and since | − (ki − k p α)e0 − k p ẽ1 | ≤ ḡ(·)(|e0 | + |ẽ1 |), it is seen
that if ḡ(·)(|e0 | + |ẽ1 |) ≤  then | − (ki − k p α)e0 − k p ẽ1 | ≤ .
This implies that the following set:

1
Ac x̃ c + A−1
c Bc u̇(t)

ż = −az + bẽ1 −bαe0 + d1 (·)
ė0 = −αe0 + ẽ1
k − d2
k − d2
ẽ˙1 = α1 z +
ẽ1 − α
e0
d
d
−1
− d Cc Ac Bc u(t) + dCc x̃ c − α 2 e0 + α ẽ1
x̃˙c =

u(t) = ᾱσ (−(ki − αk p )e0 − k p ẽ1 ) + h(·)

applied to the AFM are investigated. By exploiting the inherently modular structure within the dynamics in (18), the analysis is structured in three distinct but mutually intertwined
units. In the first one (Section III), the properties of the
PI-controlled cantilever dynamics are investigated in relation
to the control gains k p and ki and to the saturation limit
, by regarding the state x̃ c (t) as an exogenous disturbance.
In an analogous fashion, by regarding the states z(t), e0 (t) and
ẽ1 (t) as incoming disturbances, the stability properties of the
actuators dynamics (in x̃ c coordinates) are studied in relation
to the time-scale separation existing between the latter and
the forced, controlled cantilever dynamics. This is done by
determining the conditions by which  “dominates” u̇ in the
first equation within (18). Finally, the stability properties of
the whole system are investigated in Section V, by exploiting
the derivations of the previous two sections.

(24)

Moreover, by defining


S̄¯σ = (e0 , ẽ1 ) ∈ R2 : ḡ(·)|e0 | ≤ , ḡ(·)|ẽ1 | ≤
2
2
it immediately follows that:
S̄¯σ ⊆ S̄σ ⊆ Sσ .

(25)

(26)

By keeping in mind property (26), consider the PI-controlled
cantilever dynamics within (18), that is,

(20)

In the next three sections, the stability properties of the
dynamical system (18)–(20) describing the PI-control scheme

ż = −az + b ẽ1 −bαe0 + d1 (·)
ė0 = −αe0 + ẽ1
k − d2
k − d2
ẽ˙1 = α1 z +
ẽ1 − α
e0
d
d
2
− d Cc A−1
c Bc u(t) + dCc x̃ c − α e0 + α ẽ1
u(t) = ᾱσ (−(ki − αk p )e0 − k p ẽ1 ) + h(·)

(27)
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where d1 (·), x̃ c and h(·) are regarded as external disturbances
affecting (27). The analysis proceeds now by investigating
potential invariant sets with respect to the flow in (27), with
the additional property that any element within it shall not lead
to system-saturation (that is, by requiring that the invariant set
be contained within R × Sσ ). In view of this task, by defining


1 2 1
 2
=
ẽ
∈
R
:
≤
ẽ
(28)
ẽ1
1
2 1 2 2 ḡ(·)
it is seen that |ẽ1 | ≤ (/2 ḡ(·)) if and only if ẽ1 ∈ Vẽ1 . Then
consider the dynamics of system (27) whenever its trajectories
(z, e0 , ẽ1 )T are bound to evolve solely within the set R × Sσ ,
that is, whenever the saturation limits are not exceeded; in such
cases, it is seen that the saturation operator σ (·) behaves as the
simple identity operator id(·), that is, σ (·) = id(·). As a result
of this, by then considering (27) along with (19) and (20),
by defining
 
 


b
1
−a −αb
, G2 =
(29)
A=
, G1 =
1
0
0
−α
and by defining z̄ = (z, e0 )T , simple algebraic manipulations
show that the cantilever’s dynamics, whenever considered to
evolve within the set R × Sσ , can be given the following
representation:
z̄˙ = Az̄ + G 1 ẽ1 + G 2 d1 (·)
ẽ˙1 = −k̄ p ẽ1 − k̄i e0 + α1 z + dCc x̃ c + γ h(·)

(30)

2
where γ = d(−Cc A−1
c Bc ) > 0, k̄ p = b̄k p − (k − d /d) − α,
2
2
−1
k̄i = α(k −d /d)+ b̄(ki −αk p )+α , b̄ = d(−Cc Ac Bc )ᾱ, and
where the quantities A, G 1 and G 2 are not dependent on the
gains ki and k p of the control law defined in (13). Moreover,
since the matrix A is Hurwitz (being a > 0 and α > 0),
it follows that there exists a symmetric and positive-definite
matrix P such that:

P A + A T P = −I.

(31)

By then defining the following quadratic form Vz̄ = z̄ T P z̄,
and by recalling the well-known property:
λmin (P)z̄2 ≤ z̄ T P z̄ ≤ λmax (P)z̄2

(32)

where λmin (P) and λmax (P) denote the smallest and, respectively, the largest eigenvalue of P, the following sets are
defined:


 2
2
T
(33)
z̄ = z̄ ∈ R : z̄ P z̄ ≤ λmin (P)
2 ḡ(·)
and
z

= z̄ ∈ R2 :



1
1
 2
z̄2 ≤
.
2
2 2 ḡ(·)

(34)

By employing the first inequality in (32) and by multiplying
both sides by (1/2)(1/λmin(P) ), one obtains (1/2)z̄2 ≤
(1/2)(1/λmin(P))z̄ T P z̄. Because of the previous inequality, it follows that if z̄ T P z̄ ≤ λmin (P)((/2 ḡ(·)))2 then
(1/2)z̄ ≤ (1/2)((/2 ḡ(·)))2 , which implies that z̄ ⊆ z .
In view of this, since, by construction, if z̄ ∈
z then
|e0 | ≤ (/2 ḡ(·)), it follows that if z̄ ∈ z̄ then |e0 | ≤
(/2 ḡ(·)). By following a similar reasoning, by considering

5

the second inequality in (32), it is seen that if z̄ ≤
((λmin (P)/λmax (P)))1/2 (/2 ḡ(·)) then z̄ ∈ z̄ . By then defining the set


 2
1 λmin (P)
2 1
2
∗
z̄
(35)
=
z̄
∈
R
:
≤
z
2
2 λmax (P) 2 ḡ(·)
whereby z̄ ∈ z∗ ⇔ z̄ ≤ ((λmin (P)/λmax (P)))1/2 (/2ḡ(·)),
and by then using the second inequality in (32), it can be readily seen that z∗ ⊆ z̄ . By virtue of the previous derivations,
the following set-inclusions, which will be employed in the
sequel, can be finally established:
z∗

×

ẽ1

⊆

z̄

×

ẽ1

⊆

× ẽ1 ⊆ R
× S̄¯σ ⊆ R × S̄σ ⊆ R × Sσ .

z

(36)

Property (36) establishes, in particular, that within the set
z̄ ×
ẽ1 the system’s saturation limits are not exceeded,
which implies in particular that, within such set, the dynamics
of system (27) simplifies to the ones in (30).
In view of the previous derivations, it is now possible to
formalize the conditions under which the system’s saturation
limits are not exceeded. This is done by demonstrating that
there exist selections of the control gains k p and ki such
that the previously defined set z̄ × ẽ1 is invariant with
respect to the flow in (30), provided that the values of the
disturbances d1 (·), x̃ c and h(·) be restricted to evolve within
certain prescribed bounds.
To this end, in the following preliminary lemma, an algorithm for choosing the proportional and integral gains in the
control law in (13) is proposed. The rationale that dictates
the structure of the algorithm lies in the idea of selecting the
control gains so as to render as small as desired a quantity
which, in the sequel, will be shown to be strictly connected
to the regulation error e1 . The lemma will be employed in the
forthcoming analysis and can be regarded as describing a law
by which the control gains are tuned, based on the model of
the AFM system.
Lemma 1 (Gain-Tuning Algorithm): Recall that k̄ p =
b̄k p − (k − d 2 /d) − α, k̄i = b̄ki − α k̄ p , and that α1 and b̄
are positive constants, define
 
√
max k̄i , α1 4 2
(37)
m(α, α1 , k̄i , k̄ p ) =
k̄ p
and denote m(α, α1 , k̄i , k̄ p ) by m(·). Then, for any desired
¯ > 0, and for any α > 0, there exists a positive number k ∗p ,
such that, for any k p ≥ k ∗p , there exists a positive gain ki such
that: the quantity m(·) is positive and satisfies m(·) ≤ ¯ .
Proof: The result follows directly by choosing the gains
according to the following simple algorithm.
1) Fix α to a constant, positive value.
2) Fix k ∗p large enough such that, for any k p ≥ k ∗p , k̄ p be
positive, and such that
√
α1 4 2
< ¯
(38)
k̄ p
and fix once and for all one such k p .
3) Finally fix ki in k̄i such that
 
k̄i  ≤ α1 .
(39)
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Define
1 = min

1

2g(·) 6m(·)PG 2 
×

2 = min

From (45), by using the definition of the function m(·)
in (37), the following property can be derived by employing
standard arguments:
1
V̇ẽ1 ≤ − k̄ p ẽ12 for|ẽ1 |
4
4|dCc |x̃ c 
> max m(·)z̄,
k̄ p
4γ |h(·)|
×
k̄ p

1
λmin (P) 
λmax (P) 2g(·) 6PG 2 

k̄ p

,
2g(·) 4|dCc |

λmin (P)
λmax (P)


k̄ p
×
2g(·) 6PG 1 4|dCc |
3 = min

 k̄ p
,
2g(·) 4γ
×

which in turn implies that

λmin (P) 
λmax (P) 2g(·)

k̄ p
6PG 1 4γ

|ẽ1 | ≤ max βẽ1 (|ẽ1 (0)|, t), m(·)z̄

ẽ1 a ≤ max 6m(·)PG 2 d1 (·)a ,
4|dCc |x̃ c a 4γ h(·)a
,
×
k̄ p
k̄ p
(41)
and
z̄a ≤ max 6PG 2 d1 (·)a , 6PG 1 

Proof: Consider the sole ẽ1 -dynamics in (30)

(47)

where βẽ1 (·, ·) is a class KL function such that
βẽ1 (|ẽ1 (0)|, 0) = |ẽ1 (0)|. The proof proceeds now by
considering the sole z̄-dynamics within (30), that is,
z̄˙ = Az̄ + G 1 ẽ1 + G 2 d1 (·)

(48)

and by regarding both ẽ1 (t) and d1 (·) as exogenous disturbances. By then considering the previously defined quadratic
form Vz̄ = z̄ T P z̄ as a candidate Lyapunov function, it is seen
that its derivative along the trajectories of (48) satisfies
V̇z̄ = −z̄2 + 2z̄ T PG 1 ẽ1 + 2z̄ T PG 2 d1 (·)
from which
1
1
V̇z̄ ≤ − z̄2 − z̄2 + 2z̄PG 1 ẽ1 
3
3
1
− z̄2 + 2z̄PG 2 d1 (·)
3
which in turn implies that
1
V̇z̄ ≤ − z̄2 forz̄
3
> max{6PG 1 ẽ1 , 6PG 2 |d1 (·)|}.

(49)

(50)

(51)

z̄ ≤ max{βz̄ (z̄(0), t), 6PG 1 ẽ1 , 6PG 2 |d1 (·)|}
(52)
and
z̄a ≤ max{6PG 1 ẽ1 a , 6PG 2 d1 (·)a }

(43)

k ∗∗
p

and fix k p =
> 0 large enough such that k̄ p be positive,
while regarding e0 , z, x̃ c and h(·) as exogenous disturbances;
by then choosing Vẽ1 = (1/2)ẽ12 , the following inequality can
be easily derived:
 
V̇ẽ1 ≤ −k̄ p ẽ12 + k̄i |e0 ||ẽ1 | + α1 |z||ẽ1 |
+ |dCc | x̃ c |ẽ1 | + γ |h(·)||ẽ1 |. (44)
Since |k̄i ||e0 | + α1 |z| ≤ max{α1 , k̄i }(|e0 | + |z|) and since
|e0 | + |z| ≤ (2)1/2 z̄, then, from (44), it follows that:
√
V̇ẽ1 ≤ −k̄ p ẽ12 + max{α1 , k̄i } 2z̄|ẽ1 |
+ |dCc | x̃ c |ẽ1 | + γ |h(·)||ẽ1 |.

4|dCc |x̃ c  4γ |h(·)|
,
k̄ p
k̄ p

From Property (51), it is possible to infer that

4γ h(·)a
4|dCc |x̃ c a
.
, 6PG 1 
k̄ p
k̄ p
(42)

ẽ˙1 = −k̄ p ẽ1 − k̄i e0 + α1 z + dCc x̃ c + γ h(·)

×

(40)

then let f ∈ Lk∞ , and let  f a denote the “asymptotic
norm of f ,” that is  f a = limt→∞ sup  f  (see [18]).
Then, in view of the previous derivations and definitions,
the following theorem—which constitutes the main result of
this section—can be finally demonstrated.
Theorem 2: There exist selections of the control gains ki
and k p in (13) such that, whenever |d1 (·)| ≤ 1 , x̃ c  ≤ 2
and |h(·)| ≤ 3 , then.
1) The set z̄ × ẽ1 (within which the system’s saturation
limits are not exceeded) is invariant with respect to the
flow in (30)
2) The following asymptotic bounds hold:

×

(46)

(45)

(53)

where βz̄ (·, ·), in (52), is a class KL function such that
βz̄ (|z̄(0)|, 0) = |z̄(0)|; moreover, by using (52) in (47), one
obtains
|ẽ1 | ≤ max βẽ1 (|ẽ1 (0)|, t), m(·)βz̄ (z̄(0), t)
× 6m(·)PG 1 |ẽ1 |, 6m(·)PG 2 |d1 (·)|
4|dCc |x̃ c  4γ |h(·)|
×
,
.
(54)
k̄ p
k̄ p
The proof proceeds now by choosing the gains k p and
ki as dictated by Lemma 1 in order to fulfill the following
small-gain condition:
m(·) 6PG 1  < 1.

(55)
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By denoting by k cp and kic the proportional and integral gains
fulfilling (55), without loss of generality and in order to ease
the notation, it is assumed that the already chosen proportional
c
∗∗
gain k ∗∗
p satisfies k p = k p . Because of the small-gain inequality in (55), it is seen that 6m(·)PG 1 |ẽ1 | < |ẽ1 |. Hence,
by exploiting the fact that for any positive a, b, c and θ (·),
if a ≤ max{θ (a), b, c} and θ (a) < a, then max{θ (a), b, c} =
max{b, c} (see [3, pag. 38]), it follows that property (54) can
be replaced by the following inequality (which does not feature
any longer the term |ẽ1 | on its right-hand side):
|ẽ1 | ≤ max βẽ1 (|ẽ1 (0)|, t), m(·)βz̄ (z̄(0), t)
× 6m(·)PG 2 |d1 (·)|,
×

4|dCc |x̃ c 
k̄ p

4γ |h(·)|
k̄ p

(56)

from which the following asymptotic bound—corresponding
to inequality (41) in the theorem’s statement—can be derived:
ẽ1 a ≤ max 6m(·)PG 2 d1 (·)a
×

4|dCc | x̃ c a 4γ h(·)a
.
k̄ p
k̄ p

(57)

In a similar fashion, by using (56) in (52), one obtains
z̄ ≤ max βz̄ (z̄(0), t), 6PG 1 βẽ1 (|ẽ1 (0)|, t)
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be contained within z̄ × ẽ1 . This requirement is fulfilled
by requiring that the “disturbances” d1 (·), x̃ c and h(·) satisfy
|d1 (·)| ≤ 1 , x̃ c  ≤ 2 and |h(·)| ≤ 3 (as per the theorem’s
statement) and by requiring that the following two additional
bounds involving the initial conditions be respected as well:
βz̄ (z̄(0), t) ≤
βẽ1 (|ẽ1 (0)|, t) ≤


1
2g(·) m(·)
1
λmin (P) 
.
λmax (P) 2g(·) 6PG 1 

(61)

Conditions (61) must be enforced in conformity with the
fact that, as specified by the theorem’s statement, the initial
condition (z̄(0) ẽ(0))T must be capable of performing range
within the whole set z̄ × ẽ1 . In view of this requirement,
because z̄ ⊆ z , the first condition in (61) yields

1

≤
2g(·)
2g(·) m(·)

(62)

which can always be satisfied by choosing the control gains
as indicated in Lemma 1 so as to render 0 < m(·) ≤ 1, and by
assuming that, without loss of generality, the previous choice
(k p , ki ) = (k cp , kic ) fulfills such condition as well. Whereas,
by definition of ẽ1 , and in view of the aforementioned
requirement, the second condition in (61) yields

≤
2g(·)

1
λmin (P) 
λmax (P) 2g(·) 6PG 1 

(63)

× 6PG 1 m(·)βz̄ (z̄(0), t), 6PG 1 m(·)
× 6PG 2 |d1 (·)|, 6PG 2 |d1 (·)|, 6PG 1 
4|dCc | x̃ c 
4γ |h(·)|
×
.
(58)
, 6PG 1 
k̄ p
k̄ p

where, after some algebra, the norm PG 1  in (63) is seen to
satisfy


 α
k2
1 

PG 1  = 
(64)
 α 2αkd + 2k 2 2α .
1

From the latter, because of the small-gain inequality
in (55) which dictates that 6PG 1 m(·)6PG 2 |d1 (·)| <
6PG 2 |d1 (·)|
and
6PG 1 m(·)βz̄ (z̄(0), t)
<
βz̄ (z̄(0), t), it is possible to derive

From (64), and because k = ω02 and d = (ω0 /Q),
inequality (63) is satisfied by choosing α > 0 in the
coordinate-definition in (11) sufficiently large, and then,
in turn, α1 > 0 in the backstepping-based change of coordinate
in (15) sufficiently large as well. This concludes the proof. 

z̄ ≤ max βz̄ (z̄(0), t), 6PG 1 βẽ1 (|ẽ1 (0)|, t)
× 6PG 2 |d1 (·)|, 6PG 1 

4|dCc | x̃ c 
k̄ p

4γ |h(·)|
× 6PG 1 
k̄ p

IV. P IEZO -ACTUATOR V IBRATIONAL DYNAMICS
(59)

and
z̄a ≤ max 6PG 2 d1 (·)a , 6PG 1 
×

4|dCc |x̃ c a
4γ h(·)a
, 6PG 1 
.
k̄ p
k̄ p

(60)

The asymptotic bound in (60) is indeed seen to correspond
to inequality (42) in the theorem’s statement. Denote now by
qẽ1 (·) the expression on the right-hand side of inequality (56)
and by qz̄ (·) the expression on the right-hand side of inequality (59). Then, from (56) and (59), because of the properties
in (36), invariance of the set z̄ × ẽ1 with respect to the
flow of system (30) is guaranteed by requiring that the set
Sq = {z̄ ∈ R2 : z̄ = qz̄ (·)} × {ẽ1 ∈ R : ẽ1  = qẽ (·)}

In this section, the stability properties of the piezo-actuator
vibrational dynamics are analyzed by regarding the states
z(t), e0 (t), ẽ1 (t) within (18) as exogenous disturbances. This is
done by focusing on the relationship between  and u̇ in (18),
that is, between the “speed” of the piezo-actuator vibrational
dynamics and one of the controlled cantilever dynamics forced
by the interaction force F(·) (whose time-evolution is a
function of the horizontal scan rate).
In view of this task, by combining the first equation in (18)
with (19), the piezo-actuator dynamics within (18) can be
given the following representation:

 

 ∂σ (ē)
1

˙x̃ c = Ac x̃ c + A−1
f (·)(a − ᾱ)σ (·)
c Bc ᾱ 

∂ ē

∂σ (ē)
f (·)
(65)
+b
∂ ē
where f (·) is defined in (20).

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
8

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY

From the analysis in Section III, and in particular from
Theorem 2, it is seen that in order not to exceed the system’s
saturation limits, the state variable x̃ c must be bound to comply
with
x̃ c  ≤ 2

(66)

with 2 defined in (40). In analogy with Section III, the task is
to derive a potential invariant set with respect to flow in (65),
with the additional property that any element within it satisfies
the constraint in (66).
In view of this, consider the quadratic function Vx̃c =
x̃ T Pc x̃, where the matrix Pc , defined as a solution of
Pc Ac + AcT Pc = −I

(67)

is guaranteed to exist symmetric and positive-definite, since
Ac in (65) is Hurwitz. By then keeping in mind that
λmin (Pc ) ≤ x̃ cT Pc x̃ c ≤ λmax (Pc )

(68)

the following set is considered:
x̃c

= x̃ c ∈ Rm : x̃ cT Pc x̃ c ≤ λmin (Pc )22 .

(69)

By using the first inequality in (68), it is seen that if
x̃ c ∈ x̃c then the inequality in (66) must necessarily hold,
implying that any element within x̃c fulfills the constraint
in (66), as required. It is now possible to determine under
what conditions the set x̃c is invariant with respect to the flow
in (65) while having all of its elements fulfill the constraint
in (66). This is done by considering the expression in (20),
by defining m 2 (·) as



 k2
m 2 (·) = max k p d + ki − αk p 
d




 
k2
× k p α d + ki α + α 2 k p , k p α1 
d

 


× k p dCc , k p dCc A−1
(70)
c Bc
then p() as
c2 m 2 (·)

 − c2 m 2 (·)

p() = 1  1
5

(71)

where c2 is a positive constant, and i , with i = 4, . . . , 7, as
4 = 2

λmin (Pc ) 1
λmax (Pc ) p()

1
5 = √ 4
2
6 = 4
7 = 4

(72)

and by demonstrating the following theorem, where the stability properties of the piezo-actuator vibrational dynamics are
established.
Theorem 3: Consider system (65); then, there exist c2 > 0
in (71) and  ∗ > 0, such that, for any  ≤  ∗ , whenever the
“disturbances” ẽ1 , z̄, σ (·) and h(·) satisfy |ẽ1 | ≤ 4 , z̄ ≤
5 , |σ (·)| ≤ 6 , |h(·)| ≤ 7 , then the following holds.

1) The set x̃c is invariant with respect to the flow in (65).
2) The following asymptotic bound is satisfied:
√
x̃ c a ≤ max p()ẽ1 a , p() 2z̄a
× p()ᾱσ (·)a , p()h(·)a .
(73)
Proof: From (65) and (20), the derivative of V = x̃ cT P x̃ c
along the trajectories of system (65) reads as
1
V̇x̃c = −  x̃ c 2 + 2 x̃ cT Pc A−1
c Bc
 



 ∂σ (ē)
∂σ (ē)
f (·)(a − ᾱ)σ (·) + b
f (·)
× ᾱ 
∂ ē
∂ ē
(74)
from which, the following inequality can be derived:


1

V̇x̃c ≤ − x̃ c 2 + 2 x̃ Pc A−1
c Bc
 

 ∂σ (ē) 
| f (·)||a − ᾱ||σ (·)|
× ᾱ 
∂ ē 



 ∂σ (ē) 


| f (·)| .
+ b
∂ ē 

(75)

Since |(∂σ (ē)/∂ ē)| is uniformly bounded, then there exists
c2 > 0 such that

 

  ∂σ (ē) 
−1
|a − ᾱ||σ (·)|



2 Pc Ac Bc ᾱ 
∂ ē 


 ∂σ (ē) 

 < c2 (76)
+ b
∂ ē 
hence, by using (76), the following inequality can be established from (75):
1
(77)
V̇x̃c ≤ − x̃ c 2 + c2  x̃ c | f (·)|.

Moreover, by choosing  ∗ > 0 small enough such that, for
any 0 <  ≤  ∗ then (1/) − c2 m 2 (·) > 0 [where m 2 (·) has
been defined in (70)], and by picking one such  > 0, then,
from the expressions in (20)–(77), it follows that:
1

− c2 m 2 (·) x̃ c 2 + c2 m 2 (·)x̃ c 
V̇x̃c ≤ −

× (|e0 | + |z|) + c2 m 2 (|ẽ1 | + ᾱ|σ (·)|
(78)
+ |h(·)|)x̃ c 
moreover, since |e0 | + |z| ≤ (2)1/2 z̄, from (78) one obtains
1

V̇x̃c ≤ − − c2 m 2 (·) x̃ c 2 + c2 m 2 (·)ẽ1 x̃ c 

√
+ c2 m 2 (·) 2z̄x̃ c  + ᾱ|σ (·)|c2 m 2 (·)x̃ c 
(79)
+ |h(·)|c2 m 2 (·)x̃ c 
from which, by using standard arguments, the following property can be derived:

11
V̇x̃c ≤ −
− c2 m 2 (·) x̃ c 2 for  x̃ c 
5 
√
> max p()|ẽ1 |, p() 2z̄
× p()ᾱ|σ (·)|, p()|h(·)| .

(80)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
MESSINEO et al.: ANALYSIS OF PI-CONTROL FOR ATOMIC FORCE MICROSCOPY IN CONTACT MODE

Finally, from property (80), the following inequalities can
be inferred:
x̃ c  ≤ max βx̃c ( x̃ c (0), t), p()|ẽ1 |
√
× p() 2z̄, p()ᾱ|σ (·)|, p()|h(·)|

(81)

and

√
x̃ c a ≤ max p()ẽ1 a , p() 2z̄a
× p()ᾱσ (·)a , p()h(·)a

(82)

where βx̃c (·, ·) in (81), is a class KL function such that
βx̃c (x̃ c (0), 0) = x̃ c (0). Inequality (82) corresponds to
inequality (73) in the theorem’s statement.
Denote by r̄ (·) the quantity on the right-hand side of (81).
Then, from (81), invariance of the set x̃c with respect
to the flow of system (65) is guaranteed by requiring
that the set Sr̄ = {x̃ c ∈ Rm : x̃ c  = r (·)} be
contained within x̃c . By then noticing that if x̃ c 2 ≤
(λmin (Pc )/λmax (Pc ))22 , then x̃ cT Pc x̃ c ≤ λmin (Pc )22 (that is,
if x̃ c  ≤ 2 ((λmin (Pc )/λmax (Pc )))1/2 , then x̃ c ∈ x̃c ), then,
the aforementioned requirement is fulfilled by requiring that
the “disturbances” ẽ1 , z̄, σ (·) and h(·) satisfy |ẽ1 | ≤ 4 ,
z̄ ≤ 5 , |σ (·)| ≤ 6 , |h(·)| ≤ 7 (as per the theorem’s
statement). This proves point 1 in the theorem’s statement and
concludes the proof.
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where 1 , 2 , and 3 have been defined in (40). Then
the following result, which establishes the stability properties
of the closed-loop system (18), and which constitutes the
conclusive result of the last three sections, can be proven:
Theorem 4: There exist selections of the control gains ki
and k p in (13),  ∗ > 0 small enough and ∗ > 0 large enough,
such that, for any  ≤  ∗ and  ≥ ∗ , whenever |d1 (·)| ≤
d1 (·) and |h(·)| ≤ h(·) , then.
1) The set z̄ × ẽ1 × x̃c (within which, by construction, the system’s saturation limits are not exceeded) is
invariant with respect to the flow in (18).
2) The following asymptotic bounds hold for the states ẽ1 , z̄
and x̃ c :
ẽ1 a ≤ max 6m(·)PG 2 d1 (·)a ,
×

z̄a ≤ max 6PG 2 d1 (·)a , 6PG 1 
×

p3 () = p̄()

(83)

and
λmin (Pc )
λmax (Pc )

x̃ c a ≤ max max p1 ()6m(·)PG 2 

× max p1 ()

× p3 () h(·)a .

(87)

3) The following asymptotic bound holds for the original
regulation error e1 :


1
e1 a ≤ 1 +
max 6m(·)PG 2 d1 (·)a
θ
4γ h(·)a
(88)
×
k̄ p
where θ ∈ (0, 1).
Proof: Since within the set z̄ × ẽ1 × x̃c , the operator
σ (·) is such that σ (·) = id(·), then, within such set, the following bound can be easily established:

 
  
σ (−(ki − αk p )e0 − k p ẽ1 ) ≤ (ki − αk p )z̄k p ẽ1 |.
Pick 0 > 0 small enough such that, for any 0 <  ≤ 0
inequality (79) holds, then by using (89), from (79), the following property can be derived:
1

− c2 m 2 (·) x̃ c 2 + c2 m 2 (·)
V̇x̃c ≤ −

× (1 + ᾱk p )ẽ1  x̃ c  + c2 m 2 (·)
√


× ( 2 + ᾱ ki − αk p )z̄x̃ c  + c2 m 2 (·)

λmin (Pc )
λmax (Pc )
1

max p1 () 4γ
, p2 ()6PG 1  4γ
, p3 ()
k̄
k̄
p

4γ
4γ
, p2 ()6PG 1 
k̄ p
k̄ p

(89)

max p1 ()6m(·)PG 2 , p2 ()6PG 2 

×

(86)

and

1

h(·) = min 3 , 2

4γ h(·)a
k̄ p

× p2 ()6PG 2  d1 (·)a

By building on the results of the previous two sections,
in the following, the stability properties of the closed-loop
system (18) are derived as a function of the interplay between
the control gains k p and ki , the saturation limit  and the
“speed”  of the piezo-actuator vibrational dynamics (in x̃ c
coordinates).
In view of this task, define
c2 m 2 (·)
p̄() = 1 1
( − c2 m 2 (·))
4 
p1 () = p̄()(1 + ᾱk p )
√


p2 () = p̄() 2 + ᾱ ki − αk p 

×

(85)

and

V. C LOSED -L OOP DYNAMICS

d1 (·) = min 1 , 2

4γ h(·)a
k̄ p

p

(84)

× |h(·)| x̃ c 

(90)
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4γ
, p2 ()
k̄ p
4γ
× 6PG 1  , p3 () |h(·)|
k̄ p
(95)

× |d1 (·)|, max p1 ()

from which, it follows that:

11
V̇x̃c ≤ −
− c2 m 2 (·)  x̃ c 2 for x̃ c 
5 
> max p̄()(1 + ᾱk p )|ẽ1 |
√


× p̄()( 2+ ᾱ ki − αk p )z̄, p̄()|h(·)|
(91)

from which the following asymptotic bound, which corresponds to inequality (87) in the theorem’s statement, can be
inferred:
x̃ c a ≤ max max p1 ()6m(·)PG 2 , p2 ()6

which, in turn, leads to
x̃ c  ≤ max βx̃c (x̃ c (0), t), p̄()(1 + ᾱk p )|ẽ1 |

× PG 2  d1 (·)a

√


× p̄()( 2 + ᾱ ki − αk p )z̄, p̄()|h(·)| .

× max p1 ()

(92)
so that
Fix now the PI-control gains as (k p , ki ) =
the results in the statement of Theorem 2 along with the derivations within its proof, hold. By then using inequalities (56)
and (59) in (92), the following expression is derived:

× h(·)a .

(k cp , kic )

 x̃ c  ≤ max βx̃c ( x̃ c (0), t)
× max p1 (), p2 ()6PG 1  βẽ1 (|ẽ1 (0)|, t)

4γ
4γ
, p2 ()6PG 1  , p3 ()
k̄ p
k̄ p
(96)

In a similar fashion, by observing that any element on
the right-hand side of inequality (56), with the exception of
βx̃c (x̃ c (0), t)), is multiplied by the factor p(), it follows
that there exists 0 < 2 ≤ 1 such that, for any 0 <  ≤ 2 ,
by using inequality (95) in (56) and, respectively, in (59),
the following bounds can be derived:
ẽ1  ≤ max βẽ1 (|ẽ1 (0)|, t), m(·)βz̄ (z̄(0), t)

× max p1 ()m(·), p2 () βz̄ (z̄(0), t)

4|dCc |
β(x̃ c (0), , t), 6m(·)PG 2 |d1 (·)|
k̄ p
4γ |h(·)|
(97)
×
k̄ p
×

× max p1 ()6m(·)PG 2 , p2 ()6PG 2 
4γ
, p2 ()
k̄ p
4γ
× 6PG 1  , p3 () |h(·)|
k̄ p
4|dCc |
× max p1 ()
, p2 ()
k̄ p
4|dCc |
 x̃ c 
× 6PG 1 
k̄ p
(93)
× |d1 (·)|, max p1 ()

by then choosing 0 < 1 ≤ 0 small enough such that, for any
0 <  ≤ 1 the following small-gain condition be fulfilled:
4|dCc |
4|dCc |
, p2 () 6PG 1 
max p1 ()
k̄ p
k̄ p

<1

(94)

it is seen that, for any such 0 <  ≤ 1 , the contribution of
the term related to x̃ c  disappears from the right-hand side
of inequality (93), thereby leading to the following property:
 x̃ c  ≤ max βx̃c (x̃ c (0), t)
× max p1 (), p2 ()6PG 1  βẽ1 (|ẽ1 (0)|, t)
× max p1 ()m(·), p2 () βz̄ (z̄(0), t)
× max p1 ()6m(·)PG 2 , p2 ()6PG 2 

and
z̄ ≤ max βz̄ (z̄(0), t), 6PG 1 βẽ1 (|ẽ1 (0)|, t)
4|dCc |
β(x̃ c (0), , t), 6PG 2 
k̄ p
4γ |h(·)|
× |d1 (·)|, 6PG 1 
.
(98)
k̄ p
× 6PG 1 

From inequality (97), the following bound on the asymptotic
norm of ẽ1 can be inferred:
ẽ1 a ≤ max 6m(·)PG 2 d1 (·)a ,

4γ h(·)a
k̄ p

(99)

whereas from (98), the following bound on the asymptotic
norm of z̄ descends:
z̄a ≤ max 6PG 2 d1 (·)a , 6PG 1 
×

4γ h(·)a
.
k̄ p

(100)

Inequalities (99) and (100) correspond to inequality (85)
and, respectively, inequality (86) in the theorem’s statement.
Denote by r x̃c (·) the expression on the right-hand side of
inequality (95), by rẽ (·) the expression on the right-hand side
of (97), and, finally, by r z̄ (·) the expression on the right-hand
side of (98). Then, from inequalities (95), (97), and (98),
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invariance of the set z̄ × ẽ1 × x̃c with respect to the flow
in (18) is guaranteed by requiring that the set Sr = {z̄ ∈ R2 :
z̄ = qz̄ (·)} × {ẽ ∈ R : ẽ = qẽ (·)} × {x̃ c ∈ Rm : x̃ c  =
r x̃c (·)} be contained within z̄ × ẽ1 × x̃c . This requirement
is fulfilled by selecting 0 < 3 ≤ 2 and 1 > 0 such that, for
any 0 <  ≤ 3 and for any  ≥ 1 , the “disturbances” d1 (·)
and h(·) satisfy |d1 (·)| ≤ d1 (·) and |h(·)| ≤ h(·) (as per the
theorem’s statement), and by additionally requiring that the
following bounds involving the initial conditions be respected
as well:
βẽ1 (|ẽ1 (0)|, t) ≤ min

λmin (Pc )
1
, 2
6PG 1 
λmax (Pc )
1

×

term on the right-hand side of inequality (102) corresponds
exactly to the first condition in (61), which has been shown
(in the proof of Theorem 2) to hold by selecting—as it has
been done—the control gains as (k p , ki ) = (k cp , kic ). On the
other hand, the condition corresponding to the second term on
the right-hand side of inequality (102) yields
λmin (Pc )

≤ 2
2g(·)
λmax (Pc )

1

(105)

max p1 ()m(·), p2 ()

which is guaranteed to hold for any 0 <  ≤ 5 , where 5 is
a number satisfying 0 < 5 ≤ 4 . Finally, by noticing that the
right-hand side of (103) corresponds exactly to 2 , it is seen
that inequality (103) is satisfied whenever x̃ c ∈ x̃c . By then
fixing  ∗ = 5 and ∗ = 1 , along with (k p , ki ) = (k cp , kic ),
claims 1 and 2 in the Theorem’s statement are proven.
Finally, consider the third equation within system (18), that
is,

λmin (P) 
λmax (P) 2g(·)
×

11

max p1 (), p2 ()6PG 1 
(101)

ė0 = −αe0 + ẽ1

(106)

along with the Lyapunov function Ve0 = (1/2)e02 , whose
derivative along the trajectories of (106) reads as

and
βz̄ (z̄(0), t)

V̇e0 = −αe02 + ẽ1 e0 .


1
≤ min
, 2
2g(·) m(·)
×

λmin (Pc )
λmax (Pc )

(107)

From (107), by picking θ ∈ (0, 1), it is possible to derive
V̇e0 ≤ −α(1 − θ )e02 − αθ e02 + |e0 ||ẽ1 |

1
max p1 ()m(·), p2 ()
(102)

which leads to the following relationship between the asymptotic norms of e0 and ẽ1 :
ẽ1 a
.
(108)
αθ
From the coordinate-definition in (15), it is seen that
e0 a ≤

and finally
βx̃c (x̃ c (0), t)
k̄ p

≤ min
2g(·) 4|dCc |
×

e1 a ≤ ẽ1 a + αe0 a

λmin (P) 
k̄ p
.
λmax (P) 2g(·) 6PG 1 4|dCc |

(103)

Conditions (101)–(103) must be enforced in conformity
with the fact that, as specified by the theorem’s statement,
the initial condition (z̄(0) ẽ(0) x̃ c (0))T must be capable to
range within the whole set z̄ × ẽ1 × x̃c . By keeping in
mind this task, it is seen that the condition relative to the first
term on the right-hand side of inequality (101) corresponds
exactly to the second condition in (61), which, in Section III,
has been shown to hold by choosing α > 0 sufficiently large
in (11) and then, in turn, α1 > 0 sufficiently large in (15). The
condition corresponding to the second term on the right-hand
side of inequality (101) yields
λmin (Pc )

≤ 2
×
2g(·)
λmax (Pc )

1
max p1 (), p2 ()6PG 1 
(104)

which is seen to hold for any 0 <  ≤ 4 , where 4 is a number
satisfying 0 < 4 ≤ 3 . The condition corresponding to the first

which, by using (108) in (109), leads to


1
ẽ1 a .
e1 a ≤ 1 +
θ

(109)

(110)

By then combining inequalities (85) and (110), one obtains


1
e1 a ≤ 1 +
max 6m(·)PG 2 d1 (·)a ,
θ
4γ h(·)a
×
(111)
k̄ p
where θ ∈ (0, 1). This proves the last claim in the theorem’s
statement and concludes the proof.

Remark 5.1: From the previous analysis, by recalling the
definition in (22), it is seen that the role of the saturation
 on the stability properties of the closed-loop system, is the
one of impeding that both semiglobal and practical stability be
achieved at the same time: increasing the region of attraction
to any desired level, and decreasing the regulation error to
any desired amount are mutually conflicting tasks. This can be
seen in more detail by considering the set z̄ × ẽ1 × x̃c ,
which, as per the results of Theorem 4, is invariant with
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respect to the flow in (18), and within which, by construction,
the system’s saturation limits are not exceeded. Then, by using
the expression in (36), which dictates that
z̄

×

ẽ1

⊆ R × Sσ

and by considering the definition of Sσ in (21), it is readily
seen that by increasing the control gains, the “size” of the
set of states not leading to saturation may correspondingly
decrease.
VI. F ORMING THE T OPOGRAPHY
Because the measurement mechanism employed by the
AFM completely relies on its control algorithm, to the point
that the actually yielded topography coincides with the control
action v(t), in this section, the extent to which the signal
v(t) is indeed capable to represent the actual topography is
investigated. Such investigation is carried out by building on
the stability analysis derived so far, and in the light of the
detrimental phenomena represented by the system-saturation
and by the actuator’s vibrational dynamics and hysteresis.
The study starts by considering the dynamics in (12), and
by noticing that no actuator’s dynamics, nor saturation, nor
control-system’s dynamics is displayed within (12). Hence,
if yc were the actual commanded control signal (and, as such,
also the displayed output measurement), and if the regulation
error e1 were identically equal zero, then it is easy to recognize
that system (12) would embody the best possible conditions
for v(t) to represent F(·). Indeed, by recalling that d1 (·) =
(1/α1 )(−kx d + (1/m)F(·)), from (12) one obtains


1
1
ż = −az
−kx d + F(·)
α1
m
α1
yc = − z
d
(112)
thereby showing that in ideal conditions, the commanded
control signal (which is yielded as the topography measurement) contains a filtered, and shifted version of the interaction
force F(·).
However, since the regulation error is not identically zero,
and since yc is not the commanded control signal, the previous
analysis must be amended by including the distortion induced
by the dynamics of the piezo-electric actuator implementing the control action, along with the distortion due to the
presence of a nonzero regulation error. This will be done in
Section VI-A.
A. Distortions Due to Nonideal Conditions
To begin with, the signal yc within (12) is not indeed the
actual commanded control signal, but is in fact generated as
the output of system (4), whose input u(t) is defined by
(1) and (3), with u(t) = q(t) in (3). By then considering
system (4) along with the change of coordinates in (17) and the
x̃ c -dynamics within system (18), an application of Tikhonov’s
theorem for infinite time-intervals [5, p. 439] to the solution
x c of system (4), yields
 
t
B
u(t)
+
x̃
x c = −A−1
+ O()
(113)
c
c
c


Fig. 3.

AFM used for experiments.

from which, by using the output map of (4), it is possible to
write
yc =

−Cc A−1
c Bc u(t)

 
t
+ Cc x̃ c
+ O()


(114)

which, because of (1) and (3), and by assuming that the
saturation bounds are not exceeded, can be specialized as
yc =

−Cc A−1
c Bc [ᾱv(t)

 
t
+ O()
+ h(·)] + Cc x̃ c

(115)

that is, by solving as a function of the commanded control
signal v(t), as
v(t) =

−yc − Cc A−1
c Bc h(·) + Cc x̃ c
Cc A−1
c Bc ᾱ

t 


+ O()

.

(116)

Remark 6.1: Equation (116) captures in a compact fashion
the distortions on the AFM imaging mechanism due to the
dynamics of the piezo-electric actuator implementing the control action.
Equation (116) shows that the actual commanded control
signal v(t), appearing in system (12) by means of the relationship in (115), bears the contributions of both the transient
(x̃ c ((t/))) and steady-state (O()) of the vibrational dynamics
of the piezo-actuator. While, by construction, the effect of the
steady-state term O() on v(t) may be reduced by decreasing
, a concurrent reduction of the effect of the magnitude of the
transient term x̃ c ((t/)) cannot be achieved. Equation (116)
highlights as well the effects of the hysteretic terms h(·) and
ᾱ on the learning mechanism, whose detrimental contribution
on the yielded topography may be mitigated by resorting to
hysteresis-compensation techniques such as the ones proposed
in [6] and [19].
In addition, by now using (115) within the
normal-form dynamics in (12), and by recalling that
d1 (·) = (1/α1 )(−kx d + (1/m)F(·)), the following dynamical
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Fig. 4. AFM experiments of a calibration grating sample with step heights. The sample is scanned in contact mode using a selection of PI-parameters ki , k p .
For each selection of parameters. the topography and the control error signal are shown, along with a cross section along the x-axis. (a) ki = 0.01, k p = 2.
(b) ki = 0.2, k p = 2. (c) ki = 2, k p = 2. (d) ki = 9, k p = 2. (e) ki = 7.7, k p = 5. (f) ki = 0.2, k p = 10.2. (g) ki = 2, k p = 9.8.

system can be derived:



1
1
ż = −az + be1 +
−kx d + F(·)
α1
m
k − d2
ė1 = α1 z +
e1 − dCc A−1
c Bc ᾱv(t)
d
 
t
−1
− d Cc Ac Bc h(·) + dCc x̃ c
+ O().


(117)

Because of the presence of e1 within (117), it is seen that a
further source of distortion on the AFM-imaging mechanism
is due to the inherent impossibility of keeping the regulation
error e1 to zero. Such detrimental effect can immediately be
observed from the z-dynamics within system (117), which
shows that the information about the interaction force F(·)
contained within the output variable z, is altered by the presence of a nonzero e1 . As per the stability analysis presented
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in Sections III–V, the reduction of the regulation error e1 is
not only affected by the detrimental effects due to the piezoactuator, but by the system-saturation as well, which impedes
that both semiglobal and practical stability be achieved at the
same time.
It is also worth stressing the following:
Remark 6.2: The dynamics of the PI control law in (13) has
not produced any explicit contribution toward the derivation of
the expression in (117). This implies that the validity of (117)
extends beyond the use of a proportional-integral algorithm.
Indeed, (117) describes the inherent AFM-imaging mechanism
of any possible control algorithm employed in contact mode,
whenever the boundaries imposed by the saturation limits are
respected.
VII. E XPERIMENTAL R ESULTS
In this section, which complements the theoretical contributions exposed so far, a set of AFM imaging experiments is
reported, with the aim of relating the observed experimental
evidences to the derived theoretical results.
The proposed experiments were performed in contact mode
on a commercial AFM (Park Systems XE-70) displayed
in Fig. 3, which was set up to be representative of a typical
contact mode imaging experiment, and whose control loop
is reflected by the diagram shown in Fig. 1. The AFM is
controlled using a Windows desktop machine running the Park
Systems XEP software. The desktop machine is connected to
an external Park Systems SPM controller where the control
algorithm is implemented, and all input–output signals are
measured and generated. The sample positioning is controlled by separate piezoelectric XY- and Z-scanners, thereby
enabling independent axis control. The XY-scanner is a
body-guided flexure scanner with a range of 50 μm × 50 μm;
the Z-scanner, mounted on the head of the AFM (above the
sample), features a movement range of 12 μm. The deflection
measurement is generated by a PSPD. The image resolution
was set to 256 × 256.
The integrated PI control law was used and set up such that
the PI gains could be specified independently. The sample used
(BudgetSensors HS-20MG) is a calibration grating with periodic features of 20 nm step height. The scans were performed
over the sample’s step lines in the y-direction featuring a 5 μm
pitch, at a scan-size of 16 μm × 16 μm area of the sample.
Thus, the performance of the control law could be observed
as the steps of the sample were scanned by the cantilever. The
scanning rate was set to 5 Hz for all imaging experiments.
The parameters of the PI control law were changed between
experiments, resulting in topography and error measurements
for a collection of PI parameters, as shown in Fig. 4.
From the experimental results reported from Fig. 4(a)
to Fig. 4(c), it is possible to observe a trend of steady
improvement of the imaging-quality as the integral gain is
increased from ki = 0.01 to ki = 2, while the proportional gain
is kept constant at k p = 2. This behavior appears compatible
with the results of Theorem 4 (along with Remark 5.1): indeed,
because of inequality (88), by definition of m(·) and k̄ p ,
Theorem 4 stipulates that by choosing the proportional gain k p
sufficiently large, it is always possible to choose the integral

gain ki so as to steer the regulation e1 toward an attractor
whose size can be made as small as desired, provided the
boundaries imposed by the saturation mechanism be respected.
The inception of image-degradation is then observed when
at least one of the two control gains is large [from Fig. 4(d)
to Fig. 4(g)]: this is compatible with the presence of the saturation mechanism, whose detrimental effect manifests itself
in the shrinking of the “size” of the set of initial conditions
not leading to saturation as the values of the control gains are
increased, as stressed within Remark 5.1.
By now considering the first equation within (18) along with
the change of variable in (17), because the experiments have
not been carried out at a high scan-rate, it can be expected
that the vibrational dynamics x c of the piezo-actuator are such
to evolve at a much faster rate than the ones of the controlled
cantilever dynamics. This is because the time-evolution of the
x c -dynamics directly depends on the interaction force F(·),
which is in turn, a function of the horizontal scan rate. That
is, it can be expected that the steady-state of the vibrational
dynamics of the piezo-actuator [represented by the term
O() in (116)] is such to contribute toward the observed
image-degradation only to a minor extent. Such behavior is
furthermore reflected by having  small enough in the first
equation in (18) so as to be capable of performing off-set
the effect of u̇ on the evolution of x̃ c , or, equivalently,
so as the make the right-hand side of inequality (95) negligible. On the other hand, by virtue of the analysis pursued
in Section VI-A, both the transient value x̃ c ((t/)) of the
piezo-actuator vibrational-dynamics and the terms representing
the hysteresis perturbation in (116), are expected to provide
a nonnegligible contribution to the experimentally observed
topography-distortions.
VIII. C ONCLUSION
This work has proposed an investigation of the properties,
from a nonlinear control standpoint, of AFMs operated in contact mode and controlled by a PI control law. By regarding the
AFM-system as an architecture within which a piezo-electric
actuator and a cantilever mutually interact in order to produce
the sample-topography, image-degrading phenomena due to
hysteresis and vibrational-dynamics within the piezo-actuator,
or caused by system-saturation, have been naturally cast and
analyzed. In spite of the inherently nonlinear nature of the
AFM dynamics, investigations of the contact mode case from
a nonlinear standpoint had been lacking within the AFM
literature. This article has filled this gap, by providing a study
in which the very meaning of the image-measurement yielded
by the AFM—whenever operated in contact mode with a PI
algorithm—is investigated, in the light of distortions due to the
nonlinear nature of the AFM. Furthermore, as a byproduct of
the derived nonlinear stability analysis, a novel, model-based
algorithm for tuning the PI control gains has been provided.
Finally, experimental results have been presented and analyzed
in the light of the derived theory.
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